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A gauge theory can be formulated on a noncommutative (NC) spacetime. This NC gauge theory 
has an equivalent dual description through the so-called Seiberg-Witten (SW) map in terms of 
an ordinary gauge theory on a commutative spacetime. We show that all NC U{1) instantons of 
Nekrasov-Schwarz type are mapped to ALE gravitational instantons by the exact SW map and that 
the NC gauge theory of U{1) instantons is equivalent to the theory of hyper-Kahler geometries. 
It implies the remarkable consequence that ALE gravitational instantons can emerge from local 
condensates of purely NC photons. 
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It is believed that spacetime must change its nature at 
distances comparable to the Planck scale. That is, space- 
time at short distances is described by noncommutative 
(NC) geometry, where the spacetime coordinates do not 
commute; order is important. It may help understanding 
nonlocality at short distances since there are reasons to 
believe that any theory of quantum gravity will not be 
local in the conventional sense. 

Consider a NC spacetime defined by 

[y^,y'']* = iOt,u ( 1 ) 

with a constant 4x4 matrix Gauge theories can 

be constructed on this NC spacetime. For example, the 
action for NC t/(l) gauge theory in flat Euclidean R"* is 
given by 

= ( 2 ) 

where noncommutative fields are defined by 

Ffj,„ = - dyA^ -i\Af„ (3) 

It was shown in Q that this NC ?7(1) gauge theory ad¬ 
mits non-singular instanton solutions satisfying the NC 
self-duality equation, 

Ffjiu(jj) = i (^) 

The NC gauge theory has an equivalent dual descrip¬ 
tion through the so-called Seiberg-Witten (SW) map in 
terms of ordinary gauge theory on commutative space- 
time 0. The SW map is a map between gauge orbit 
spaces of commutative and NC gauge fields. It was shown 
in Hi that the commutative nonlinear electrodynamics 
equivalent to Eq. m is given by 

Sc = \J (5) 

where we introduced an “effective metric” induced by the 
dynamical gauge fields such that 

( 1 \ 

TTWe) • 


The commutative action can actually be derived from 
the NC action Q using the exact SW maps in Q (see 
for the exact inverse SW map): 

La.) = (7) 

d'^y = d'^x\/ det(l -I- F6){x), (8) 

where x^{y) = y^ + 9^^A,j{y). It was shown in [3 that 
the self-duality equation for the action Sc is given by 

F/ii/(^) — i 2( 4 ^); (9) 

where 

F^,,{x) = (g-'E) {x). (10) 

\ / flit 

The above equation is directly obtained by the exact SW 
map 0 from the NC self-duality equation 0- It was 
checked in |3 that the field configuration that satisfies 
the self-duality equation also satisfies the equations 
of motion derived from the action ©■ „ 

A general strategy was suggested in |3 to solve the 
self-duality equation ©■ For example, let us consider 
the anti-self-dual (ASD) case. Take a general ansatz for 
the ASD as follows 

F^.(x) = r(x)77“„ (11) 

where 7 )“ are three 4x4 ASD’t Hooft matrices and /“’s 
are arbitrary functions. Then the equation m is auto¬ 
matically satisfied. Next, solve the field strength E^,y in 
terms of F^,y: 

and impose the Bianchi identity for F^,^, 

efn^pad^Fp^j = 0, (13) 

since the field strength F^^, is given by a (locally) exact 
two-form, i.e., E = dA. In the end one can get general 
differential equations governing U{1) instantons [Sj. 
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Now let us restrict to the self-dual (SD) NC prop¬ 
erly normalized as Oyj, = to consider the Nekrasov- 
Schwarz instantons |]J. The NC parameter 6 can be eas¬ 
ily recovered by a simple dimensional analysis by recall¬ 
ing that 0 carries the dimension of {length)'^. It was 
shown that the parameter 6*, which settles the size of 
NC instantons, is related to the size of a minimal two- 
sphere known as a “Bolt” in the gravitational instantons. 

Substituting the ansatz cu into Eq. we get 


p — 


1 


rn 


a 


^^3 

1 - (j) 


(14) 


where (p = From Ea. lHHl . we also 

obtain 

2^tJ.vprTFpa) = (15) 

since 

FF = (16) 

We thus get 

F 24 = Ei3, Ei4 = —F 23 , (17) 

Fi 2 + F 34 = -^FF. (18) 

Note that Eq. US) is equivalent to the instanton equation 
in 0 , although there it was derived perturbatively. 

The metric for the 17(1) helds in Eg. 11411 becomes sym¬ 
metric, i.e., gpv = gvp and its components are 

gll = g22 = 1 — 2 F 12 , g33 = g44 = 1 — 2 F 34 , 

1 1 / X 

gl3 = g24 = — 2 F'i 4, gl4 = —g23 = 2-^13, (19) 

gl2 = g34 = 0- 

En. 11 811 can be rewritten using the metric gpv as 

g/xM = dy^det gp„ (20) 


by the SW map to gravitational instantons, dehned by 
the following self-duality equation ill^ 

1 

Fabcd — F—SabefF cdi (^ 1 ) 

where Rabcd is a curvature tensor. 

To proceed with the Kahler geometry, let us introduce 
the complex coordinates and the complex gauge fields 

zi=x^+ix^, Z 2 =x'^ + ix^, (22) 

A^^=A^-iA^, A^^=A'^-iA^. (23) 

In terms of these variables, Eqs. 03 and 03 are written 
as 


= (24) 

FziZi + Fz2Z2 = (^^) 

where FF = -‘ii.Fz^ziFz^z^+Fz^z^Fziz^)- Using the met¬ 
ric components in Eq. HU), one can easily see that the 
metric gpi, is a Hermitian metric. That is, 

ds^ = gpudxP'dx'' = gqdzidzj, i,j = 1,2, (26) 


where 


^04)' 


1-. 


dzizi — gll — 

9z2Z2 = g33 = 
gziZ2 = gl3 - *gl4 = 
9ziZ2 = gl3 + *gl4 = 


1 f^+iP 

l-(j) 2 

1 

1-6 2 


(27) 


If we let 


U = 7;9ijdzi A dzj 


(28) 


be the Kahler form, then the Kahler condition is dO. = 0 
M , or, for all i,j, k, 


with ^/det^ = giig 33 - (g ?3 + g^)- We will show later 
that Eg. 12011 reduces to the so-called complex Monge- 
Ampere equation, which is the Einstein held equation 
for a Kahler metric 0. 

The equation 03 was solved in for the single in¬ 
stanton case. It was found there that the effective met¬ 
ric for the single C/(l) instanton is related to the 
Eguchi-Hanson (EH) metric [3, the simplest ALE space, 
and that the family of the EH space is parameterized by 
the instanton number. In this paper we will show that 
the connection between NC U{1) instantons and hyper- 
Kahler geometries is more general. More precisely, we 
will see that the NC self-duality equation 0 is mapped 


^9ij _ d^gkj 

dz'^ ~ dz' ' 


(29) 


It is straightforward to check the pleasant property that 
the Kahler condition (PI is equivalent to the Bianchi 
identity itT^ for the U{1) field strength (tCTl . Thus our 
metric is a Kahler metric and thus we can introduce 
a Kahler potential K dehned by 


d'^K 

9ij - Q^ig^j ■ 


(30) 


Now we will show that the Kahler potential K is re¬ 
lated to the integrability condition of the self-duality 
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equation 0 . Locally, there is no difficulty in finding Let us introduce a SD local triple of 2-forms defined 
the general solution of Ea. (l24ll : by 


A,, = 0, A,-, = 2id,,{K - ZkZk). (31) 

Then one can easily check that the real-valued smooth 
function K in Eq. lEHl is equivalent to the Kahler poten¬ 
tial in Eq. (TTHll (up to holomorphic diffeomorphisms). 

As announced in Eq. the metric g^j/ in Eq.0 
is related to gravitational instantons satisfying Eq. 
whose metrics are necessarily Ricci-flat. To see this, let 
us rewrite g^,y as 


A (39) 

where 77 “ are three 4x4 SD ’t Hooft matrices. The 
explicit forms of are given by 

= (det A dx* + dx^ A dx^), (40) 

u}"^ = (det g^u)^{dx'^ A dx'^ + dx^ A dx^), (41) 

Lo^ = giidx^ A dx^ + gssdx^ A dx"^ + 
gi 3 (da;^ A dx'^ + dx^ A dx^) + 
gii{dx^ f\ dx^ + dx^ f\ dx^). (42) 


Then, from Eq. (HOll, one can see that 

\/detg^ = 1- (33) 

Note that the metric g^,y is also a Kahler metric: 

9ij - ( ) 

The relation detg^,y = (det^jj)^ definitely leads to 

deigq = l. (35) 


One can easily check that dco^ = 0 if and only if the 
Bianchi identity is satisfied. Since = —D in 
Ea. (l28ll . this result indeed reproduces the Kahler con¬ 
dition Thus the metric g^,y is Kahler, as was shown 
before, but not hyper-Kahler, since duj^ = duj'^ = 0 re¬ 
quires det gfj^n = constant. 

However, if we consider the triple of Kahler forms of 
the metric g^,, as follows, 

= (43) 


Therefore the metric g^,^ is both Ricci-flat and Kahler, 
which is the case of gravitational instantons Q- For ex¬ 
ample, if one assumes that K in Eq. El is a function 
solely of = \zi\^ + |z 2 p, Ea. lTTHll can be integrated to 
give 0 

A-=v'ATA + (Uog-p=^l^. (36) 

This leads precisely to the EH metric of [^. The instan- 
ton equation (d is thus equivalent to the Einstein field 
equation for Kahler metrics. 

Although it is obvious that the metric g^i, in Eq. 
is hyper-Kahler , since in four dimensions the hyper- 
Kahler condition is equivalent to Ricci-flat Kahler, we 
would like to show more directly the hyper-Kahler struc¬ 
ture. First we introduce a dual basis of 1-forms de¬ 
fined by = a^udx'" where, a^i, = for g ^ v, 

gM> 3 / 2 ^ 7 gii iov and 77 = 1 , 2 , and g/x,y/ 2 ^ 7 gii for 

g. ^ V and /i = 3,4, and 

1/ ^ (detg^Y 

2 y \/SiiS33 ) 

Using the metric components in Eq. m, one can show 
that the metric can be written as 

= gft.udx^dx’" = afj, (37) 


(38) 


where <j^ are defined in the same way as the cr'^s, but 
with gf^i, replaced by 'g^v^ we immediately get 

dw“ = 0, Va (44) 

since det g^,y = 1. Thus the metric g^v should be a hyper- 
Kahler metric na. Therefore the hyper-Kahler condition 
has one-to-one correspondence with the self-duality equa¬ 
tion of NC 17(1) instantons through the SW map. 

Using this hyper-Kahler structure, we can easily un¬ 
derstand the ALE such as the Taub-NUT metric |3 as 
well as ALE instantons im , which are a general class 
of self-dual, Ricci-flat metrics with a triholomorphic 17(1) 
symmetry. The metric is given by 

dsQH = U~^{dx‘^ + a ■ dxY + Udx ■ dx, (45) 

where x'^ parameterizes circles and x G R^. Since the 
above mentioned triholomorphic 17(1) symmetry is gen¬ 
erated by the Killing field djdx'^, the 17(1) invariant func¬ 
tion U = U{x) does not depend on x'^, and has to satisfy 
the condition 

V17 = V X d. (46) 

It turns out that the condition TO is equivalent to the 
hyper-Kahler condition TO . To see this, let us introduce 
a 1-form basis as 

a^ = VUdx\ (f = l,2,3) 

= —;=(dx^ + a ■ dx) 

Vu 


and 


CTi A tT 2 A (T 3 A 0-4 = ^/detg^d‘'^x. 


(47) 
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where the metric reads as 

dscH ( 48 ) 

It is then easy to see that Eq. is equivalent to the 
hyper-Kahler condition (EH) for the Kahler forms m 
given by the basis EH- 

Thus the ALE and ALE spaces are all hyper-Kahler 
manifolds. But they have very different asymptotic be¬ 
haviors of curvature tensors: The ALE spaces fall like 
1/r® while the ALE spaces fall like 1/r^ M- This 
suggests that the ALE metrics describe gravitational 
“dipoles” 0 while the ALE metrics describe monopoles 
(regarded as gravitational dyons) 0]. So ALE instantons 
may have a rather similar realization in terms of NC 17(1) 
instantons on x S^: NC monopoles 0 . It seems to 
be in harmony with the fact that the ALE metrics ap¬ 
proach a flat metric in the asymptotic while the ALE 
metrics are asymptotically (locally) flat in R^. 

In conclusion, we showed that NC instantons satisfy¬ 
ing the self-duality equation El) are all mapped through 
the SW map to gravitational instantons, precisely hyper- 
Kahler metrics, satisfying the self-duality equation EH. 
Our result implies that a nontrivial curved spacetime 
can emerge from local condensates of purely NC photons 
without any graviton. The manifestation of the emergent 
gravity from NC gauge theory is not in conflict with the 
Weinberg-Witten theorem [l^, stating that an interact¬ 
ing graviton cannot emerge from an ordinary quantum 
field theory in the same dimensions, since NC field theo¬ 
ries are neither local nor Lorentz invariant. But, recently, 
it was found that NC field theory is invariant under 
the twisted Poincare symmetry where the action of gen¬ 
erators is now defined by the twisted coproduct in the de¬ 
formed Hopf algebras. Although the energy-momentum 
tensor, being nonlinear in fields, is in NC field theories 
a twisted Poincare invariant, the Weinberg-Witten theo¬ 
rem is still a consequence of the strict Lorentz invariance. 

The connection between NC 17(1) instantons and grav¬ 
itational instantons addresses several interesting issues. 
(These two seem to share at least two underlying math¬ 
ematical structures: the twistor space and the holomor- 
phic vector bundle, which may be important to under¬ 
stand why there exists such connection.) Using the con¬ 
nection, the problem of gravitational instantons can be 
addressed from the viewpoint of NC 17(1) instantons and 
vice versa. Eor example, the generalized positive action 
couiectn re If 71 . gravitational anomalies and their index 
theorem |l8| , and the hyper-Kahler quotient construction 
of ALE spaces 0. 

More extended work including the generalization of the 
emergent gravity from NC gauge theories beyond the self¬ 
dual sector will be reported elsewhere. We would like to 
thank Harald Dorn and Alessandro Torrielli for useful 
discussions throughout the course of the work and for 
reading the manuscript. This work was supported by 


the Alexander von Humboldt Eoundation (H.S.Y.) and 
by DEG under the project SA 1356/1 (M.S.). 
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